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Let’s say that for some real b ≥ 1 that a random variable X is b-reasonable
if it satisfies:

E[X 4] ≤ b
(
E[X 2]

)2
.

Suppose X is b-reasonable and that E[X ] = 0 and Var(X ) = σ2. Our goal
is to prove that

P[|X | ≥ tσ] ≤ b
t4 .

(a) Find an expression for σ in terms of E[X 2].

(b) Show that P[|X | ≥ tσ] ≤ b
t4 . (Hint: find an equivalent event for

|X | ≥ tσ.)
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(a) Find an expression for σ in terms of E[X 2].

Given that E[X ] = 0, we have

Var(X ) = E[X 2]− E[X ]2

= E[X 2]

= σ2

⇒ σ =
√
E[X 2].
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(b) Show that P[|X | ≥ tσ] ≤ b
t4 . (Hint: find an equivalent event for

|X | ≥ tσ.)

Using the result from part(a), we have

P[|X | ≥ tσ] = P
[
|X | ≥ t

√
E[X 2]

]
.

Then we can take the fourth power on both sides to get the equivalent
probability P

[
X 4 ≥ t4E[X 2]2

]
. Then apply the Markov’s inequality to

X 4:

P
[
X 4 ≥ t4(E[X 2])2

]
≤ E[X 4]

t4(E[X 2])2 ≤
b(E[X 2])2

t4(E[X 2])2 = b
t4 .
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